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We show the existence and nonexistence of entire positive solutions for semilinear elliptic
system with gradient term u + |∇u| = p(|x|) f (u, v), v + |∇v| = q(|x|)g(u, v) on RN ,
N  3, provided that nonlinearities f and g are positive and continuous, the potentials p
and q are continuous, c-positive and satisfy appropriate growth conditions at inﬁnity. We
ﬁnd that entire large positive solutions fail to exist if f and g are sublinear and p and q
have fast decay at inﬁnity, while if f and g satisfy some growth conditions at inﬁnity, and
p, q are of slow decay or fast decay at inﬁnity, then the system has inﬁnitely many entire
solutions, which are large or bounded.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction and the main results
Existence and nonexistence of solutions for the semilinear elliptic system{
u + f (x,u, v) = 0,
v + g(x,u, v) = 0, in Ω, (1)
have received much attention recently. See, for example, Chen and Lu [2], Cîrstea and Ra˘dulescu [4], Clément, Manásevich
and Mitidieri [5], Dalmasso [6], Figueiredo and Yang [7], Serrin and Zou [12,18], Yarur [19], Wang and Wood [20], and the
references therein. Thereinto, a comprehensive discussion on entire solutions for semilinear systems can be found in Ghergu
and Ra˘dulescu [14], other works for single equation see [13,15,21] and the references therein.
When f = vα and g = uβ , the system (1) reduces to{
u + vα = 0,
v + uβ = 0, in Ω, (2)
which is an extension of the well-known Lane–Emden equation. A good survey on the existence and nonexistence results
for (2) and related systems can be found in a recent paper by Serrin and Zou [18,12]. Recently, Lair and Wood [3] studied
the existence of entire positive solutions of system{
u = p(|x|)vα,
v = q(|x|)uβ, in RN .
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c-positive, and satisfy the fast decay conditions
∞∫
0
tp(t)dt < ∞,
∞∫
0
tq(t)dt < ∞, (F )
then the entire positive solutions are bounded, if p and q satisfy the slow decay conditions
∞∫
0
tp(t)dt = ∞,
∞∫
0
tq(t)dt = ∞, (D)
then the entire positive solutions are large. The analogous results are also obtained for superlinear case 1 < α  β . Later,
Cîrstea and Ra˘dulescu [4] improved the results of Lair and Wood [3] to the following more general semilinear elliptic system{
u = p(x) f (v),
v = q(x)g(u), in R
N , (3)
for p,q ∈ C0,αloc (RN ) (0< α < 1) by using the condition
lim
t→∞
f (cg(t))
t
= 0
for all c > 0. An analogous condition also was employed by Ghergu and Ra˘dulescu [10] to study the following elliptic system
with gradient term{
u + |∇u| = p(|x|) f (v),
v + |∇v| = q(|x|)g(u), in Ω,
where Ω is bounded or the whole space. In addition, when c-positive functions p, q satisfy the decay conditions (F ), Peng
and Song [16] also studied the existence of entire large positive solutions of system (3). In [16], Peng and Song imposed on
f and g satisfying the following Keller–Osserman conditions
∞∫
1
[ s∫
0
f (t)dt
]−1/2
ds < ∞, and
∞∫
1
[ s∫
0
g(t)dt
]−1/2
ds < ∞,
and convex conditions
f
(
λc + (1− λ)d) λ f (c) + (1− λ) f (d), λ ∈ (0,1),
g
(
λc + (1− λ)d) λg(c) + (1− λ)g(d), c,d 0.
In this paper, we study the existence of entire positive solutions of the following more general elliptic system with
gradient term{
u + |∇u| = p(|x|) f (u, v),
v + |∇v| = q(|x|)g(u, v), in RN , (4)
where N  3. Throughout this paper we always assume p, q are c-positive C(RN ) functions, f , g : [0,∞) × [0,∞) → [0,∞)
are nonnegative, continuous and nondecreasing functions for each variable.
The corresponding equation that leads us to the system (4) is
u + |∇u|a = p(x) f (u), x ∈ Ω, 0< a 2
which was treated in [1,8] (in the case where Ω is bounded) and in [9] (for Ω = RN ). Problems of this type arise in
stochastic control theory and have been ﬁrst studied in Lasry and Lions [11]. The corresponding parabolic equation was
considered in Quittner [17]. In terms of the dynamic programming approach, an explosive solution of (3) corresponds to a
value function (or Bellman function) associated to an inﬁnite exit cost (see [11]).
For convenience we use the following convention:
• A function p is c-positive (or circumferentially positive) in a domain Ω ⊆ RN if p is nonnegative on Ω and satisﬁes the
following: if x0 ∈ Ω and p(x0) = 0, then there exists a domain Ω0 such that x0 ∈ Ω0 ⊂ Ω and p(x) > 0 for all x ∈ ∂Ω0.
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u = f (x,u, v), v = g(x,u, v) (5)
is called an entire large solution (or explosive solution) if it is a classical solution of (5) on RN and u(x) → ∞ and
v(x) → ∞ as |x| → ∞.
We are mainly interested in ﬁnding the existence and nonexistence of entire solutions of (4), the ﬁrst result asserts that
if both f and g are sublinear at inﬁnity, then problem (4) has no positive entire large solution. More precisely, we have the
following result:
Theorem 1. Suppose f and g satisfy
max
{
sup
s+t1
f (s, t)
s + t ; sups+t1
g(s, t)
s + t
}
< +∞, (6)
and p, q satisfy the decay conditions (F ). Then problem (4) has no positive entire large solution.
In order to state the existence results, let us deﬁne,
P (∞) = lim
r→∞ P (r), P (r) =
r∫
0
e−tt1−N
t∫
0
essN−1p(s)dsdt,
Q (∞) = lim
r→∞ Q (r), Q (r) =
r∫
0
e−tt1−N
t∫
0
essN−1q(s)dsdt,
r  0,
(7)
F (∞) = lim
r→∞ F (r), F (r) =
r∫
a
ds
f (s, s) + g(s, s) , r  a > 0. (8)
Remark 1. Since
F ′(r) = 1
f (r, r) + g(r, r) > 0, for all r > a,
F has the inverse function F−1 on [a,∞).
Theorem 2. Assume
F (∞) = ∞.
Then the system (4) has inﬁnitely many positive entire solutions (u, v) ∈ C2[0,+∞). Moreover, the following hold:
(i) If p and q satisfy P (∞) = Q (∞) = ∞, then all positive entire solutions of (4) are large.
(ii) If p and q satisfy P (∞) < ∞, Q (∞) < ∞, then all positive entire solutions of (4) are bounded.
Theorem 3. If
F (∞) < ∞, P (∞) < ∞, Q (∞) < ∞,
and there exist b > a and c > a such that
P (∞) + Q (∞) < F (∞) − F (b + c), (9)
the system (4) has a positive radial bounded solution (u, v) ∈ C2([0,∞)) satisfying
b + f (b, c)P (r) u(r) F−1(F (b + c) + P (r) + Q (r)), r  0;
c + g(b, c)P (r) v(r) F−1(F (b + c) + P (r) + Q (r)), r  0.
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P (∞) = Q (∞) = ∞,
and
lim
s→∞
f (s, s) + g(s, s)
s
= 0, (10)
then the system (4) has inﬁnitely many positive entire large solutions.
(ii) If
P (∞) < ∞, Q (∞) < ∞,
and
sup
s0
(
f (s, s) + g(s, s))< ∞,
then the system (4) has inﬁnitely many positive entire bounded solutions.
2. Proof of Theorem 1
We consider the proof of Theorem 1 by contradictions. Assume that the system (4) has the positive entire large solution
(u, v). Consider the spherical average of u and v deﬁned by
u(r) = 1
cNrN−1
∫
|x|=r
u(x)dσx, r  0,
v(r) = 1
cNrN−1
∫
|x|=r
v(x)dσx, r  0,
where cN is the surface area of the unit sphere in RN . Since u and v are positive entire large solutions it follows that u, v
are positive and limr→∞ u(r) = limr→∞ v(r) = +∞. By the change of variable x = ry, we have
u(r) = 1
cN
∫
|y|=1
u(ry)dσy, r  0.
Then
u′(r) = 1
cN
∫
|y|=1
∇u(ry) · y dσy, r  0. (11)
Thus by divergence theorem and (11), we have
u′(r) = r
cN
∫
|y|<1
u(ry)dy = 1
cNrN−1
∫
|x|<r
u(x)dx
= 1
cNrN−1
r∫
0
dρ
∫
|x|=ρ
u(x)dσx, for all r  0. (12)
It follows from (12) that
u′′(r) = 1
cNrN−1
∫
|x|=r
u(x)dσx − N − 1
cNrN
r∫
0
dρ
∫
|x|=ρ
u(x)dσx
= 1
cNrN−1
∫
|x|=r
u(x)dσx − N − 1
r
u′(r), for all r  0. (13)
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v ′′(r) = 1
cNrN−1
∫
|x|=r
v(x)dσx − N − 1
r
v ′(r), for all r  0. (14)
Set
U (r) = max
0tr
u(t), V (r) = max
0tr
v(t),
it is easy to see that U , V are positive and nondecreasing functions. Moreover U  u, V  v and U (r), V (r) → +∞ as
r → +∞. It follows from (6) that there exists M > 0 such that
max
{
f (s, t), g(s, t)
}
 M(s + t), for all s + t  1, (15)
and
max
{
f (s, t), g(s, t)
}
 M, for all s + t  1. (16)
Then by (15) and (16), we have
max
{
f (s, t), g(s, t)
}
 M(1+ s + t), for all s + t  0. (17)
Now (11), (13), (14) and (17) lead to
u′′ + N − 1
r
u′ + u′  1
cNrN−1
∫
|x|=r
[
u(x) + |∇u|(x)]dσx = p(r) 1
cNrN−1
∫
|x|=r
f
(
u(x), v(x)
)
dσx
 Mp(r) 1
cNrN−1
∫
|x|=r
(
1+ u(x) + v(x))dσx
= Mp(r)(1+ u(r) + v(r))
 Mp(r)
(
1+ U (r) + V (r)),
for all r  0. It follows that(
rN−1eru′
)′  MerrN−1p(r)(1+ U (r) + V (r)), r  0.
So, for all r  r0  0, we have
u(r) u(r0) + M
r∫
r0
e−tt1−N
t∫
0
essN−1p(s)
(
1+ U (s) + V (s))dsdt
 u(r0) + M
r∫
r0
e−tt1−N
(
1+ U (t) + V (t))
t∫
0
essN−1p(s)dsdt
 u(r0) + M
(
1+ U (r) + V (r))
r∫
r0
e−tt1−N
t∫
0
essN−1p(s)dsdt
 u(r0) + M
(
1+ U (r) + V (r))
r∫
r0
t1−N
t∫
0
sN−1p(s)dsdt
 u(r0) + M(1+ U (r) + V (r))
N − 2
( r∫
r0
tp(t)dt − 1
rN−10
r∫
r0
tN−1p(t)dt
)
 u(r0) + M(1+ U (r) + V (r))
N − 2
r∫
r0
tp(t)dt. (18)
Notice that (F ), we choose r0 > 0 such that
max
{ ∞∫
rp(r)dr,
∞∫
rq(r)dr
}
<
N − 2
4M
. (19)r0 r0
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U (r) = max
r0tr
u(t), V (r) = max
r0tr
v(t), for all r  r1. (20)
Thus (20) and (18) yield
U (r) u(r0) + M(1+ U (r) + V (r))
N − 2
r∫
r0
tp(t)dt, for all r  r1.
By (19), we have
U (r) u(r0) + 1+ U (r) + V (r)
4
, for all r  r1,
i.e.,
U (r) C1 + U (r) + V (r)
4
, for all r  r1,
where C1 = 14 + u(r0) > 0. Similarly,
V (r) C2 + U (r) + V (r)
4
, for all r  r1,
which implies
U (r) + V (r) 2(C1 + C2), for all r  r1. (21)
(21) means that U and V are bounded and so u and v are bounded which is a contradiction. It follows that (4) has no
positive entire large solutions and the proof is now complete.
3. Proofs of Theorem 2 and Theorem 3
Proof of Theorem 2. We start by showing that (4) has positive radial solutions. On this purpose we ﬁx b > a and c > a and
we show that the system⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
u′′ + N − 1
r
u′ + u′ = p(r) f (u(r), v(r)),
v ′′ + N − 1
r
v ′ + v ′ = q(r)g(u(r), v(r)),
u′, v ′  0, on [0,∞),
u(0) = b > 0, v(0) = c > 0,
r > 0, (22)
has solutions (u, v). Thus U (x) = u(|x|), V (x) = v(|x|) are positive solutions of (4). Integrating (22) we have
u(r) = b +
r∫
0
e−tt1−N
t∫
0
essN−1p(s) f
(
u(s), v(s)
)
dsdt,
v(r) = c +
r∫
0
e−tt1−N
t∫
0
essN−1q(s)g
(
u(s), v(s)
)
dsdt,
∀r  0.
(23)
Let {uk}k0 and {vk}k0 be sequences of positive continuous functions deﬁned on [0,∞) by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u0(r) = b, v0(r) = c,
uk+1(r) = b +
r∫
0
e−tt1−N
t∫
0
essN−1p(s) f
(
uk(s), vk(s)
)
dsdt,
vk+1(r) = c +
r∫
e−tt1−N
t∫
essN−1q(s)g
(
uk(s), vk(s)
)
dsdt,
∀r  0.0 0
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uk(r) b, vk(r) c, u0  u1, v0  v1.
The monotonicity of f and g yield
u1(r) u2(r), v1(r) v2(r), r  0.
Repeating such arguments we deduce that
uk(r) uk+1(r), vk(r) vk+1(r), r  0, k 1,
and {uk}k0, {vk}k0 are nondecreasing sequences on [0,∞). Notice
u′k+1(r) = e−rr1−N
r∫
0
essN−1p(s) f
(
uk(s), vk(s)
)
ds
 f
(
uk(r), vk(r)
)
P ′(r)
 f
(
uk(r) + vk(r),uk(r) + vk(r)
)
P ′(r)

[
f
(
uk+1(r) + vk+1(r),uk+1(r) + vk+1(r)
)+ g(uk+1(r) + vk+1(r),uk+1(r) + vk+1(r))]P ′(r),
and
v ′k+1(r) = e−rr1−N
r∫
0
essN−1q(s)g
(
uk(s), vk(s)
)
ds
 g
(
uk(r), vk(r)
)
Q ′(r)
 g
(
uk(r) + vk(r),uk(r) + vk(r)
)
Q ′(r)

[
f
(
uk+1(r) + vk+1(r),uk+1(r) + vk+1(r)
)+ g(uk+1(r) + vk+1(r),uk+1(r) + vk+1(r))]Q ′(r),
which implies
u′k+1(r) + v ′k+1(r)
f (uk+1(r) + vk+1(r),uk+1(r) + vk+1(r)) + g(uk+1(r) + vk+1(r),uk+1(r) + vk+1(r))  P
′(r) + Q ′(r).
So, we have
r∫
0
u′k(t) + v ′k(t)
f (uk(t) + vk(t),uk(t) + vk(t)) + g(uk(t) + vk(t),uk(t) + vk(t)) dt  P (r) + Q (r),
that is
F
(
uk(r) + vk(r)
)− F (b + c) P (r) + Q (r), ∀r  0. (24)
It follows from F−1 is increasing on [0,∞) and (24) that
uk(r) + vk(r) F−1
(
F (b + c) + P (r) + Q (r)), ∀r  0. (25)
It follows from F (∞) = ∞ that F−1(∞) = ∞. By (25), the sequences uk and vk are bounded and increasing on [0, c0] for
any c0 > 0. Thus, uk and vk have subsequences converging uniformly to u and v on [0, c0]. Consequently, (u, v) is a positive
solution of (22), that is, (U , V ) is an entire positive solution of (4). Notice U (0) = b, V (0) = c and (b, c) ∈ (0,∞) × (0,∞)
was chosen arbitrarily, it follows that (4) has inﬁnitely many positive entire solutions.
(i) If P (∞) = Q (∞) = ∞, since
u(r) b + f (b, c)P (r), v(r) b + g(b, c)P (r), r  0.
Thus we have
lim
r→∞u(r) = limr→∞ v(r) = ∞,
which yield U , V are the positive entire large solutions of (4).
(ii) If P (∞) < ∞, Q (∞) < ∞, then
u(r) + v(r) F−1(F (b + c) + P (∞) + Q (∞))< ∞,
which imply that U , V are the positive entire bounded solutions of (4). The proof of theorem is now completed. 
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F
(
uk(r) + vk(r)
)
 F (b + c) + P (r) + Q (r) F (b + c) + P (∞) + Q (∞) < F (∞) < ∞.
Since F−1 is strictly increasing on [0,∞), we have
uk(r) + vk(r) F−1
(
F (b + c) + P (∞) + Q (∞))< ∞.
The last part of the proof is clear from the proof of Theorem 2. The proof of Theorem 3 is now ﬁnished. 
4. Proof of Theorem 4
(i) It follows from the proof of Theorem 3, we have
uk(r) uk+1(r) f
(
uk(r), vk(r)
)
P (r) f
(
uk(r) + vk(r),uk(r) + vk(r)
)
P (r) (26)
and
vk(r) vk+1(r) g
(
uk(r), vk(r)
)
Q (r) g
(
uk(r) + vk(r),uk(r) + vk(r)
)
Q (r). (27)
Let R > 0 be arbitrary. From (26) and (27) we get
uk(R) + vk(R) b + c + f
(
uk(R) + vk(R),uk(R) + vk(R)
)
P (R) + g(uk(R) + vk(R),uk(R) + vk(R))Q (R)
 b + c + [ f (uk(R) + vk(R),uk(R) + vk(R))
+ g(uk(R) + vk(R),uk(R) + vk(R))](P (R) + Q (R)), k 1.
This implies
1 b + c
uk(R) + vk(R) +
f (uk(R) + vk(R),uk(R) + vk(R)) + g(uk(R) + vk(R),uk(R) + vk(R))
uk(R) + vk(R)
× (P (R) + Q (R)), k 1. (28)
Taking into account the monotonicity of (uk(R) + vk(R))k1, there exists
L(R) := lim
k→∞
(
uk(R) + vk(R)
)
.
We claim that L(R) is ﬁnite. Indeed, if not, we let k → ∞ in (28) and the assumption (10) leads us to a contradiction. Thus
L(R) is ﬁnite. Since uk, vk are increasing functions, it follows that the map L : (0,∞) → (0,∞) is nondecreasing and
uk(r) + vk(r) uk(R) + vk(R) L(R), ∀r ∈ [0, R], ∀k 1.
Thus the sequences (uk)k1 and (vk)k1 are bounded from above on bounded sets. Let
u(r) := lim
k→∞
uk(r), v(r) := lim
k→∞
vk(r), for all r  0.
Then (u, v) is a positive solution of (22).
In order to conclude the proof, it is enough to show that (u, v) is a large solution of (22). Let us remark that (23) implies
u(r) b + f (b, c)P (r), v(r) b + g(b, c)Q (r), ∀r  0.
Since f and g are positive functions and
P (∞) = Q (∞) = ∞,
we can conclude that (u, v) is a large solution of (22) and so (U , V ) is a positive entire large solution of (4). Thus any
large solution of (22) provides a positive entire large solution (U , V ) of (4) with U (0) = b and V (0) = c. Since (b, c) ∈
(0,∞) × (0,∞) was chosen arbitrarily, it follows that (4) has inﬁnitely many positive entire large solutions.
(ii) If
sup
s0
(
f (s, s) + g(s, s))< ∞
holds, then by (28), we have
L(R) := lim
k→∞
(
uk(R) + vk(R)
)
< ∞.
Thus
uk(r) + vk(r) uk(R) + vk(R) L(R), ∀r ∈ [0, R], ∀k 1.
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u(r) := lim
k→∞
uk(r), v(r) := lim
k→∞
vk(r), for all r  0.
Then (u, v) is a positive solution of (22).
It follows from (26) and (27) that (u, v) is bounded, which implies that (4) has inﬁnitely many positive entire bounded
solutions.
Open problem. It remains unknown as to whether an analogous results hold for the system with different gradient power{
u + |∇u|a = p(|x|) f (u, v),
v + |∇v|b = q(|x|)g(u, v), in RN , (29)
where a,b ∈ (0,+∞), a,b = 1, f and g satisfy f , g : [0,∞)× [0,∞) → [0,∞) are nonnegative, continuous and nondecreas-
ing functions for each variable.
We know if a = b = 1, we have the above main results. In addition, when a = b = 0, the analogous results are also valid.
But if a = b = 2, we have no analogous results, under this case we can try to make transform t = eu , s = ev , then the system
will reduce to{
t = p(|x|)t f (ln t, ln s),
s = q(|x|)sg(ln t, ln s), in RN . (30)
Even so, for such a result to be established for the system (30), the above proof would require signiﬁcant innovation. As a, b
for the other cases, things are far more complex, no analogous results has been established, see [2–4,9].
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